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Introduction
Recall that the classical Dold manifold P (m, n) is defined as the orbit space of the Z/2Zaction on S m × CP n generated by the involution (v, [z]) → (−v, [z]), v ∈ S m , [z] ∈ CP n . Here [z] denotes [z 0 : · · · :z n ] when [z] = [z 0 : · · · : z n ] ∈ CP n . See [2] .
Let σ : X → X be a complex conjugation on an almost complex manifold (X, J), that is, σ is an involution such that, for any x ∈ X, the differential T x σ : T x X → T σ(x) X satisfies the equation J σ(x) • T x σ = −T σ(x) σ • J x . See [1, §24] . We assume that Fix(σ) = ∅. The generalized Dold manifold P (m, X) was introduced in [6] as the quotient of S m × X under the identification (v, x) ∼ (−v, σ(x)).
We obtained a description of its tangent bundle, and, assuming that H 1 (X; Z 2 ) = 0, a formula for the Stiefel-Whitney classes of P (m, X). We obtained conditions for the (non) vanishing of the unoriented cobordism class [P (m, X)] ∈ N * .
Let G = (Z 2 ) n and consider the class of all smooth compact manifolds (without boundary) admitting (smooth) G-actions. Recall that two manifolds M 0 , M 1 with G-actions are G-equivariantly cobordant if there exists a compact manifold-with-boundary W admitting a smooth G action on it such that the boundary ∂W , with the restricted Gaction, is equivariantly diffeomorphic to the disjoint union M 0 M 1 . The G-equivariant cobordism class of M with a given G-action φ is denoted [M, φ] or more briefly [M, G] . In this note shall only consider G-actions on M with only finite stationary point set M G = {x ∈ M | g.x = x ∀g ∈ G}. The set of all G-equivariant cobordim classes of compact G-mainfolds with finite stationary point sets is a graded Z 2 -algebra, denoted Z * (G) in which addition corresponds to taking disjoint union and multiplication to the cartesian products (with the obvious G-actions). One has the forgetful map : Z * (G) → N * to the cobordism algebra sending [M, φ] to [M ] .
We consider the action of a subgroup D of O(1) m+1 ⊂ O(m + 1) on S m and assume that there are at most finitely many pairs of antipodal points in S m that are stable by the action of D. (This is evidently equivalent to the requitement that D act on RP m with only finitely many stationary points.) For any G action on X that commutes with σ, we obtain an action of G :
We now state the main result of this paper.
2 acts on an almost complex manifold (X, J) such that X G is finite and that the isotropy representation at each G-fixed point is complex linear. Suppose that the action of D ⊂ (O(1)) m+1 ⊂ O(m + 1) on RP m has only finitely many stationary points. Then [X, G] = 0 ⇐⇒ [P (m, X), G] = 0 where G = D × G.
We illustrate, in §4, the above result when X is a complex flag manifold.
Equivariant cobordism and the representation ring
Let M d be a smooth compact manifold with a smooth G ∼ = (Z 2 ) q action with only finitely many stationary points. Then [M, φ] ∈ Z * (G) is determined completely by the isotropy representations of G at the stationary points of M . More precisely, denote by R * (G) the representation ring of G whose elements are formal Z 2 -linear combinations of isomorphism classes of finite dimensional real representations of G.
is, by definition, the class of U ⊕ V (with the diagonal G-action). Note that R(G) is graded via the degree of the representation. We may identify R * (G) with the polynomial algebra over Z 2 with indeterminates v χ , χ ∈Ĝ := Hom(G, Z 2 ), the group of characters of G. Under this isomorphism [V ] corresponds to the monomial v m 1
Here R k χ denotes the direct sum of k copies of the 1-dimensional representation R χ ∼ = R on which G acts via the character χ.
where T x M denotes tangent space regarded as the isotropy representation of G. The map η * : Z * (G) → R * (G) sending [M, φ] to x∈M G [T x M ] is a well-defined algebra homomorphism. By a result of Stong [7] , η * is in fact a monomorphism. The finiteness of M G implies that T x M does not contain the trivial G-representation. So the image of η * is contained in the subalgebra of R * (G) generated by the nontrivial one-dimensional representations of G.
The diagonal subgroup D n ∼ = Z n 2 of O(n) ⊂ U (n) acts the complex flag manifold U (n)/U (n 1 ) × · · · × U (n r ) = CG(n 1 , . . . , n r ) with finitely many stationary points. Here n = 1≤j≤r n j . In fact, the stationary points are precisely the flags L = (L 1 , · · · , L r ) where each component L j is spanned by a subset of the standard basis e 1 , . . . , e n . Similarly, D m+1 ⊂ O(m + 1) acts on S m . Although there is no point on the sphere which is stationary, the induced action on the real projective space RP m has m + 1 stationary points, namely, [e 1 ], . . . , [e m+1 ]. We obtain an action of D m+n+1 = D m+1 × D n on S m × CG(n 1 , . . . , n r ). This action yields an action of D m+n+1 on P (m, CG(n 1 , . . . , n r )) with finitely many stationary points, namely, [e j , L], 1 ≤ j ≤ m + 1, with L as above. We shall consider the restricted action of certain subgroups of D m+n+1 on P (m, CG(n 1 , . . . , n r )) with finitely many stationary points and obtain results on the (non) vanishing of the equivariant cobordism classes of P (m, CG(n 1 , . . . , n r )).
Equivariant cobordism of generalized Dold manifolds.
Let (X, J) be an almost complex manifold and let σ be a complex conjugation with non-empty fixed point set. We denote Fix(σ) by X R . Suppose that G ∼ = Z q 2 acts smoothly on X such that (i) t • σ = σ • t for all t ∈ G, and, (ii) the stationary point set X G for the G action is finite. Then G acts on X R with X G R = X R ∩ X G . We have the following lemma which is a straightforward generalization of [1, Theorem 24.4] .
Lemma 3.1. With the above notations, suppose that t • σ = σ • t for all t ∈ G and that, for each x ∈ X G R , the isotropy representations are C-linear; equivalently J x :
We remark that when J arises from a complex structure on X and G acts as a group of biholomorphisms, J x is G-equivariant for all x ∈ X G .
Suppose that for the restricted action of a subgroup D ⊂ D m+1 ⊂ O(m + 1) on the sphere S m = O(m+1)/O(m), the induced action on RP m has only finitely many stationary points. These points are precisely [e j ] ∈ RP m , 1 ≤ j ≤ m + 1.
Consider the action of D × G on S m × X. We assume that the t • σ = σ • t for all t ∈ G so that the action of G := D × G on S m × X descends to an action on P (m, X).
On the other hand, ι j is not G-equivariant since e j is not D-fixed. However, it turns out that, after twisting the action of G on X, ι j becomes G-equivariant, as we shall now explain. Let χ j : D → σ be the homomorphism whose kernel equals the isotropy group D j ⊂ D at e j ∈ S m . Define the χ j -twisted action of G on X by (α, t)(x) := χ j (α)(t.x). We note that both the G-actions agree on X R and that the G-action obtained from the restriction of the action to p −1 ([e j ]) of the twisted G-action on P (m, X) is the same as the that of the original G-action on X. We shall denote by
We now verify that ι j is G-equivariant with respect to the twisted G-action on X. For this purpose,
If α(e j ) = e j , then χ j (α) = 1 and so it follows that ι j (γ.x) = γ.(ι j (x)). If α(e j ) = −e j , then χ j (α) = σ and so γ(ι j (x)) = [−e j , t.x] = [e j , σt.x] = [e j , χ j (α)t.x] = ι j (γ.x), proving our claim. It follows that the ι j * : T x 0 X → T [e j ,x 0 ] P (m, X) is G-equivariant and so, we have a decomposition of the tangent space T [e j ,x 0 ] P (m, X) into G-submodules:
Since x 0 ∈ X R and since the twisted G-action on X R coincides with the untwisted action, it
On the other hand, since ι j * is G-equivariant with respect to the twisted G-action on T x 0 X, γ(θ(e j ⊗ u)) = γ(ι j * Ju) = ι j * (γ.Ju) = ι j * ((α, t).(Ju)) = ι j * (χ j (α)t * (Ju)). Note that as u ∈ T x 0 X R , Ju is in the −1-eigen space of σ * . So, from the definition of
Consequently, γθ(e j ⊗ u) = ±ι j * (t * (Ju)) where the sign is positive precisely when α ∈ D j ⊂ D. Hence θ is a G-isomorphism. Therefore θ is G-isomorphism.
We summarise the above discussion in the following.
With the above notations, we have, for 1 ≤ j ≤ m + 1 and x 0 ∈ X G R , an isomorphism of G-modules:
We apply the above proposition to identify the image of [P (m, X), G] in R(G) under η * .
Since D is possibly a proper subgroup of D m+1 , the characters χ j are not necessarily linearly independent. However the D-representations E j , 1 ≤ j ≤ m + 1, are pairwise non-isomorphic; equivalently the characters χ j , 1 ≤ j ≤ m + 1, are pairwise distinct. Indeed, suppose that for some i = j, E i ∼ = E j , then D i = D j and so, for any a, b ∈ R, we have χ.(ae i + be j ) = ±(ae i + be j ) ∀χ ∈ D. This implies that, for any a, b not both zero, the point R(ae i + be j ) ∈ RP m is D-fixed. This contradicts our hypothesis that RP m has only finitely many stationary points for the D-action. We shall write χ j to also denote the isomorphism class [E j ] ∈ R(D) of the irreducible representation of D.
Notation. Let k be a positive integer. We shall denote by [k] the set {1, · · · , k}.
Fix a basis t r , 1 ≤ r ≤ q, for G. Then the character groupĜ consists of elements y α , α ⊂ [q], where y α (t j ) = −1 if and only if j ∈ α. We abbreviate y {j} , y {i,j} to y j , y i,j , 1 ≤ i, j ≤ q, i = j, respectively and denote y ∅ by y 0 . The y α generate R(G) as a Z 2 -algebra. An entirely analogous notation is used for R(D). The elements χ j , y r , 1 ≤ j ≤ m + 1, 1 ≤ r ≤ q, form a basis forĜ and we have R(G) = R(D) ⊗ R(G).
The representation ring has an additional structure arising from tensor product of representations. If A = E α , B = E β are 1-dimensional representations of R(D) corresponding to characters χ α , χ β , then A ⊗ B has character χ α∆β where α∆β stands for the symmetric difference α ∪ β \ α ∩ β. Note that the group operation inD is given by symmetric difference: χ α .χ β = χ α∆β . But we will avoid using the notation χ α .χ β ∈D since the product has been given a different meaning in R(D); instead we shall denote this character by χ α ⊗ χ β . In the more general case where [A] = χ α 1 · · · χ αr , [B] = χ β 1 · · · χ βs ∈ R(D), we have [A ⊗ B] = 1≤i≤r,1≤j≤s (χ α i ⊗ χ β j ).
We will need to consider tensor product representations of G of the form E ⊗ V where E, V are representations of D and G respectively with E being 1-dimensional.
It will be convenient to identify χ α with χ α ⊗ y 0 and y β with
As is well-known,
The following proposition is now immediate from Proposition 3.2.
We shall denote by f (y β ) ∈ R(G) a polynomial in the variables y β , β ⊂ [q]. Proposition 3.3. Suppose that G ∼ = Z q 2 acts on (X, J) with finitely many stationary points such that that the isotropy representation is C-linear at each point of X G R . Suppose that the action of D ⊂ D m+1 on RP m has only finitely many stationary points. With the above notation, set f p (y β ) :
We now turn to the proof of Theorem 1.1. For the converse part, assume that [P (m, X), G] = 0. This means that the there is a fixed point free bijective correspondence (i, p) ↔ (j, q) on P (m, X) G such that T [e i ,p] P (m, X) ∼ = T [e j ,q] P (m, X) as G-modules. That is,
as G = D × G-module, by Proposition 3.2.
Restricting to D = D × 1 ⊂ G, we obtain
where R n is the trivial D-representation of degree n.
Since
R n−1 on both sides and using E i ⊗ E i = R we obtain from (6) 
as D-modules.
As has been observed already, multiplicity of any one-dimensional representation occurring in V is at most 1 and so, in particular, k, l ≤ 1.
Suppose that i = j, so that E i , E j ⊂ V are not isomorphic. Comparing the multiplicities of of E i on both sides of the above isomorphism we get k + n = l. This is a contradiction since n ≥ 2 and l ≤ 1. So we must have i = j.
Since (i, p) = (j, q) = (i, q), we have p = q. Thus, fixing i = 1, we obtain a fixed point free bijection p ↔ q of X G R where q is such that (1, p) ↔ (1, q) . Now restricting the G-isomorphism to G, we see that T p X R ∼ = T q X R . It follows that [X R , G] = 0 and so [X, G] = 0 by Lemma 3.1. 4. Group actions on P (m; n 1 , . . . , n r ) with finite stationary point sets
Let G = Z q 2 with standard Z 2 -basis t j , 1 ≤ j ≤ q and y j , 1 ≤ j ≤ q, denote the basis for the dualĜ = Hom(G, C × ) ∼ = Z q 2 . We shall use multiplicative notation for group operation in Let V R = RG denote the regular representation of G and V = V R ⊗ C its complexification. Then V ∼ = C 2 q decomposes into 1-dimensional complex representations as follows: V = ⊕ y∈Ĝ C y ; the G-action on C y is via the character y, that is, t.z = y(t)z ∀t ∈ G.
Let n ≤ 2 q and let n 1 , . . . , n r be positive integers such that n = 1≤i≤r n i . Let U ⊂ V be an n-dimensional complex G-submodule. The G-action on U ∼ = C n yields an action φ on the complex flag manifold X := CG(n 1 , . . . , n r ) ∼ = U (n)/(U (n 1 ) × · · · × U (n r )) which is identified with the space of flags L := (L 1 , · · · , L r ) where the L j are C-vector subspaces of U such that dim L j = n j , 1 ≤ j ≤ r, and L i ⊥ L j if i = j.
The tangent bundle of X has the following description as a complex vector bundle: Let ξ j denote the complex vector bundle over X whose fibre over a flag L ∈ X is the vector space L j , 1 ≤ j ≤ r. We shall denote byξ j complex conjugate of ξ j . The fibre ofξ j over L is the vector spaceL j ⊂ C n . Then, by [3] ,
It is easily seen that there are only finitely many stationary points for this G-action using the fact that multiplicity of any irreducible complex representation occurring in U is at most 1. In fact the stationary points are precisely the flags L in which each L j is a G-submodule of U . Cf. [5, Lemma 2.1] . If S ⊂Ĝ is the set of all characters y such that C y occurs in U , we shall denote this action on CG(n 1 , . . . , n r ) by φ S .
Let
The action of G on U restricts to an action on U R and so we obtain a G-action on the real flag manifold RG(n 1 , . . . , n r ) = O(n)/(O(n 1 ) × · · · × O(n r )), which we denote by φ R S . Since the G action on V commutes complex conjugation, denoted σ (defined as z α t α → z α t α ), it follows that the G-action on CG(n 1 , . . . , n r ) commutes with the complex conjugation on it, again denote σ. Therefore G acts on Fix(σ) = X R . Note that X R is naturally identified with the real flag manifold RG(n 1 , . . . , n r ). The identification is obtained as Fix(σ) (L 1 , . . . , L r ) → (L 1 ∩ U R , . . . , L r ∩ U R ) ∈ RG(n 1 , . . . , n r ). Under this identification, the restricted action of φ S on Fix(σ) corresponds to φ R S . The stationary points for the G-action on CG(n 1 , . . . , n r ) are all contained in RG(n 1 , . . . , n r ). Indeed, a flag (L 1 , . . . , L r ) ∈ CG(n 1 , . . . , n r ) is fixed by every element of G if and only if each L j ∩U R is a G-submodule of U R . We shall henceforth identify X R with the real flag manifold.
In view of Lemma 3.1 and Theorem 1.1 we see that [P (m; n 1 , . . . , n r ), G] is zero if and only if [X R , φ R S ] = 0 (where X R = RG(n 1 , . . . , n r )). We shall now give examples of (X R , φ R S ) that are equivariantly null-cobordant.
Example 4.1. (i). If the Euler characteristic χ(X R ) is odd, then [X R ] = 0 in N * , which implies that [X R , φ R S ] = 0 for any S. As is well-known χ(X R ) = n!/(n 1 ! · · · n r !). It is a classical result that the multinomial coefficient n!/(n 1 ! · · · n r !) is odd if and only if α(n) = 1≤j≤r α(n j ) where α(k) is the number of 1s in the dyadic digits of k.
(ii). Suppose that n i = n j for some i < j ≤ r. Then we have a fixed point free Z 2 -action θ given by the involution θ : X R → X R that interchanges the i-th and the j-th components of each flag in X R . It is trivial to verify that θ commutes with the G-action φ S on X R . This leads to a fixed point free action of G := G × Z/2Z action on X R . So [X R , G] = 0. This implies that [X R , G] = 0.
(iii) Let n = 2 q − 2. Let S ⊂Ĝ be any subset which does not contain the trivial representation and #S = n. It was shown in [5, Example 2.3] that if k < n odd, then [RG(k, n − k), φ S ] = 0. We consider here the more general case of a flag manifold X R = RG(n 1 , . . . , n r ), r ≥ 3, where we assume that n 1 is odd. We claim that, as in the case of the Grassmannian, [X R , φ S ] = 0. Although this is a routine generalisation of the case of Grassmann manifolds, we give most of the details. Proof of Claim: In view of our hypotheses, S leaves out exactly one nonempty subset [q] which we shall denote by γ. As in [5] , we shall denote the symmetric difference of two sets α, β by α + β and exploit the Boolean algebra structure on the power set of [q] . Note that α = α+γ for any α since γ = ∅. Also α → α+γ is an involutive bijection S → S since ∅, γ are not in S. If A ⊂ S then we shall denote by A γ its image {α + γ | α ∈ A} ⊂ S under this bijection. We see that, if #A is odd, then A = A γ . If E ⊂ U R is spanned by standard basis vectors e α 1 , . . . e α k , we shall denote by E γ the span of e γ+α j , 1 ≤ j ≤ k. Note that E γ = E if k = dim E is odd. Suppose that E = (E 1 , · · · , E r ) ∈ X R is a stationary point of φ R S . Then so is E γ := (E γ 1 , . . . , E γ r ). Moreover, since n 1 = dim E 1 is odd, we see that E γ = E. So E → E γ is a fixed point free involution on the set of stationary points of X R . We shall show that T E X R ∼ = T E γ X R as G-representations. The claim follows from this since η * : Z * (G) → R(G) is a monomorphism. As in the case of complex flag manifolds, the tangent bundle τ X R has the following description, due to Lam [3] .
where ξ R i is the canonical n i -plane bundle over X R whose fibre over L = (L 1 , . . . , L r ) is the real vector space L i . Thus T E X R = ⊕ 1≤i<j≤r E i ⊗ E j . Let α(i) ⊂ S be defined by the requirement that E i is the span of e p , p ∈ α(i), 1 ≤ i ≤ r. Then E i ⊗ E j is isomorphic, as a G-representation, to ⊕ p∈α(i)+α(j) E p . Therefore, using α(i) + γ + α(j) + γ = α i + α j , E i ⊗ E j ∼ = E γ i ⊗ E γ j as G-representations for 1 ≤ i < j ≤ r. It follows that T E X R ∼ = T E γ X R as G-representations. This completes the proof. 
